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MEXICO
Abstract
Given a prime p and a natural number n, we provide simple divisibility criterions
that determine whether all solvable group of order n have a nontrivial normal p-
subgroup, or there is exactly one group of order n without nontrivial normal p-
subgroups.
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1 Introduction
Throughout this paper, p will be a fixed prime number, G a finite group, and
Op(G) the largest normal p-subgroup of the group G. For t, q natural numbers,
let γ(t, q) be the product γ(t, q) = (qt − 1)(qt−1 − 1) · · · (q2 − 1)(q − 1) and if
m = qt11 q
t2
2 · · · q
tk
k is a prime factorization of m, with the qi pairwise distinct
and ti > 0 for each i, we let Γ(m) = γ(t1, q1) · · ·γ(tk, qk).
We prove the following theorems:
Theorem 1 Let n = psm where p ∤ m and s > 0. If ps | Γ(m), then there is
a group of order n with Op(G) = 1.
Theorem 2 With n as in Theorem 1, if G is a group of order n and ps does
not divide Γ(m) then either:
(1) Op(G) 6= 1, or
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(2) G is not solvable.
Theorem 3 With n as in Theorem 1, if ps | Γ(m), but ps ∤ Γ(m′) for all
proper divisors m′ of m, then up to isomorphism, there is only one solvable
group of order n with Op(G) = 1.
For example, all groups of order 1600 = 2652 have a nontrivial normal 2-
subgroup, since 26 ∤ γ(2, 5) = (52 − 1)(5 − 1) = 253 and such groups are all
solvable. On the other hand, we have that 5 ∤ Γ(12) = (22−1)(2−1)(3−1) =
6, yet there is a group of order (5)(12) = 60 without nontrivial normal 5-
subgroups. There are 4725 groups of order 864 = 2533, but only one has the
property of satisfying O2(G) = 1.
We remark that the motivation for this research came from the search for
examples of finite groups G such that the Brown complex Sp(G) of nontrivial
p subgroups of G (see for example [1] for the definition and properties) is con-
nected but not contractible. It is an elementary fact that Sp(G) is contractible
when G has a nontrivial normal p-subgroup.
The computer program GAP ([2]), which contains a library of groups up to
order 2000, was used in that search together with the Simplicial Homology
package ([3]). A simple program was written that accepts a prime number
p and then checks all groups G of order between 1 and 2000 successively
in order to find groups G with the aforementioned features (that is, Sp(G)
connected but not contractible). Clearly, groups of order a power of p need
not be checked, but it was also noticed that there were many other natural
numbers n such that all groups of that order had Sp(G) contractible, by virtue
of having a nontrivial normal p-subgroup. Thus, a characterization of these
natural numbers n would improve the speed of the search significantly.
In section 2 we prove Theorem 1. In section 3 we prove Theorem 2 using
elementary tools. In section 4 we give another proof of Theorem 2, suggested by
a referee of a previous version of this paper, that uses more advance techniques
of group theory. A small modification of such argument gives then Theorem 3.
2 Proof Of Theorem 1
Theorem 1 Let n = psm where p ∤ m and s > 0. If ps | Γ(m), then there is
a group of order n with Op(G) = 1.
PROOF. Let K be the group Ct1q1×· · ·×C
tk
qk
, that is, a product of elementary
abelian groups, where m = qt11 · · · q
tk
k and q1, . . . , qk are distinct primes and Cq
2
denotes the cyclic group of order q. Then Γ(m) divides the order of Aut(K),
and hence so does ps. Let H be a subgroup of Aut(K) of order ps. For every
S ∈ H and k ∈ K define the map TS,k : K → K by TS,k(x) = Sx + k. Then
G = {TS,k | S ∈ H, k ∈ K } is a group under composition. If we identify H
with the subgroup of maps of the form TS,0 and K with the subgroup of maps
of the form T1K ,k, then G is just the semidirect product of K by H . Hence
|G| = n. We have that G acts transitively on K in a natural fashion, and
the stabilizer of 0 ∈ K is H , a p-Sylow subgroup of G. Hence the stabilizers
of points in K are precisely the Sylow subgroups of G, so their intersection
Op(G) contains only the identity K → K, as we wanted to prove. ✷
3 Proof Of Theorem 2
We will prove Theorem 2 after a series of preliminary lemmas.
Definition 2 A subgroup H of G is subnormal if there is a sequence of sub-
groups
H = H0 ✁H1 ✁ · · ·✁Hn−1 ✁Hn = G.
Lemma 3 Let G be a finite group and p a prime number. Then
(1) Op(G/Op(G)) = 1.
(2) If G has a nontrivial subnormal p-subgroup, then Op(G) 6= 1.
(3) If G is solvable, there is a prime q such that Oq(G) 6= 1.
(4) If G = HK, with H < G and K an abelian minimal normal subgroup of
G, then H is a maximal subgroup of G.
PROOF. These are all exercises in [4], respectively: 156, 336, 381 and
359. ✷
Lemma 4 Let G be a group with |G| = psqt, where q is a prime different
from p, and K ✁ G a q-Sylow subgroup that is minimal normal. If a p-Sylow
subgroup of G is not normal, then ps | γ(t, q).
PROOF. If K is minimal normal and a q-group, then it has to be elementary
abelian (Corollary 4.3A of [5]). Let P be a p-Sylow subgroup of G. It follows
that G = KP . Let Sylp(G) be the set of p-Sylow subgroups of G. Since P is
maximal by Lemma 3.4, and not normal in G, we have that NG(P ) = P , and
so the action of G on Sylp(G) by conjugation is primitive, since the stabilizers
are maximal. The action of K on Sylp(G) is regular, since
kQ = Q with k ∈ K
implies k ∈ Q∩K = 1 for any Q ∈ Sylp(G). By Theorem 4.3B (i) from [5], we
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have that CG(K) = K. Now, for any K ≤ G we have that NG(K)/CG(K) can
be embedded in Aut(K), so in this case we have that G/K can be embedded
in Aut(K). Given that |G/K| = ps, and |Aut(K)| = |GLt(q)| = q
(t
2
)γ(t, q)
(where
(
t
2
)
= t(t−1)
2
is a binomial coefficient), the conclusion of the Lemma
follows, since gcd(p, q(
t
2
)) = 1. ✷
Lemma 5 For any natural numbers t, n such that 0 ≤ n ≤ t, we have that
γ(n, q)γ(t− n, q) | γ(t, q).
PROOF. The group GLt(q) has a subgroup of the form




A 0
0 B

 | A ∈ GLn(q), B ∈ GLt−n(q)

 , (1)
hence q(
n
2
)γ(n, q)q(
t−n
2
)γ(t − n, q) divides q(
t
2
)γ(t, q). The result follows, since
we have that gcd
(
q, γ(t, q)
)
= 1. ✷
Corollary 6 If m′ | m, then Γ(m′) | Γ(m).
Theorem 2 Let n = psm where p ∤ m and s > 0. Then, if G is a solvable
group of order n and ps ∤ Γ(m), then Op(G) 6= 1.
PROOF. By induction on m. If m = 1, then G is a p-group and Op(G) =
G 6= 1
Let then G be a solvable group of order n = psm such that m > 1 and
ps ∤ Γ(m), and assume the result is true for all m′, 1 ≤ m′ < m.
By Lemma 3.3, there is a prime q such that Oq(G) 6= 1. If q = p, we are done.
If not, let T = Oq(G) with order |T | = q
r = m′ > 1. Suppose m′ < m. Then
|G/T | = ps(m/m′), G/T is solvable and ps ∤ Γ(m/m′) (by Corollary 6). By
induction, Op(G/T ) 6= 1. Let L✁G be such that Op(G/T ) = L/T , and suppose
|L/T | = pj for j such that 0 < j ≤ s. Now Op(G/L) ∼= Op((G/T )/Op(G/T )) =
1, by Lemma 3.1. Since G/L is solvable and |G/L| = ps−j(m/m′), applying
induction we have that ps−j | Γ(m/m′). Now, |L| = pjm′, and the fact that
ps−j | Γ(m/m′) together with the hypothesis ps ∤ Γ(m) and Corollary 6 imply
that pj ∤ Γ(m′). Then, the induction hypothesis applied to L implies that
Op(L) 6= 1, and, by Lemma 3.2, that means that Op(G) 6= 1.
We still have to consider the case m′ = qr = m. If there is a nontrivial
normal subgroup T ′ such that T ′ < T = Oq(G), we can apply the previous
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paragraph to T ′ instead of T to get that Op(G) 6= 1. So T has to be a q-Sylow
subgroup of G and a minimal normal subgroup. From Lemma 4, we get that
ps | γ(t, q) = Γ(m). But this contradicts our hypothesis, hence this case cannot
happen and this proves the theorem. ✷
Let Λ(p) be the set {n ∈ N | Op(G) 6= 1 for all groups G of order n }. Then,
Burnside’s pαqβ-Theorem and the Odd Order Theorem allow us then to find
two infinite families of numbers in Λ(p), besides the powers of p.
Corollary 3 If n = psm, where p ∤ m, and either: (a) m is a prime power,
or (b) n is odd, then n ∈ Λ(p) if and only if ps ∤ Γ(m).
4 Another Proof of Theorem 2, and Proof of Theorem 3
We assume the hypothesis of Theorem 2. Let F (G) be the Fitting subgroup
of G, the largest nilpotent normal subgroup of G. We have a homomor-
phism c : G → Aut(F (G)), sending g ∈ G to the map cg : F (G) → F (G)
given by conjugation by g. The restriction of c to P , a p-Sylow subgroup
of G, has kernel P ∩ CG(F (G)). Since CG(F (G)) ≤ F (G) (Theorem 7.67
from [4]), and F (G) does not contain elements of order p by our assumption
that Op(G) = 1 (see Exercise 606 of [4]), we obtain that P ∩ CG(F (G)) = 1
and so P acts faithfully on F (G). If m = qt11 · · · q
tk
k is the prime factor-
ization of m we have that F (G) ∼= Oq1(G) × · · · × Oqk(G). Hence P ≤
Aut(F (G)) ∼= Aut(Oq1(G))× · · ·Aut(Oqk(G)). We have then that P also acts
faithfully on
∏
iOqi(G)/Φ(Oqi(G)), since if cg, for g ∈ P , acts on each factor
Oqi(G)/Φ(Oqi(G)) as the identity, then by the Burnside basis theorem (5.1.4
from [6]), we have that it acts as the identity on each Oqi(G), and so g = 1. But
then |P | divides the order of the automorphism group of
∏
iOqi(G)/Φ(Oqi(G)),
which is a product of elementary abelian groups of respective orders qsii with
si ≤ ti for all i. Hence p
s = |P | divides Γ(m).
Theorem 3 Let n = psm where p ∤ m and s > 0. If ps | Γ(m), but ps ∤ Γ(m′)
for all proper divisors m′ of m, then up to isomorphism, the group constructed
in the proof of Theorem 1 is the only solvable group of order n with Op(G) = 1.
PROOF. With the notation of the argument of the second proof of Theo-
rem 2, if G is a solvable group of order n with Op(G) = 1, we must have that
|Oqi(G)| = q
ti
i and Φ(Oqi(G)) = 1 for all i in order to satisfy the divisibil-
ity conditions. Hence Oqi(G) is elementary abelian and a qi-Sylow subgroup
for all i, and so G is the semidirect product of a p-Sylow subgroup P of
5
F (G) = Ct1q1 × · · · ×C
tk
qk
with F (G), where the action of P on F (G) by conju-
gation is faithful, that is, the group constructed in the proof of Theorem 1. ✷
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